The combination of small-cluster exact-diagonalization calculations and the quantum Monte Carlo method is used to examine ferromagnetism in the two-dimensional Hubbard model with a generalized type of hopping. It is found that the long-range hopping with exponentially decaying hopping amplitudes ( ) ∼ − |R i −R j | stabilizes the ferromagnetic state for a wide range of electron interactions U and electron concentrations > 1. The critical value of the hopping parameter above which the ferromagnetic state becomes stable is calculated numerically and the ground-state phase diagram of the model is discussed for physically the most interesting cases. The microscopic description of band-ferromagnetism is one of the most fundamental and also most complicated manyparticle problems in condensed matter physics. It is expected that this is due to the interplay between ordinary, spin-independent Coulomb interaction and kinetic energy of itinerant electrons in the frame determined by the Pauli exclusion principle. The single-band Hubbard model [1] , possibly the simplest lattice model of correlated electrons, was first thought to encompass a minimal description of band-ferromagnetism. However, it soon turned out that the single-band Hubbard model is not the canonical model for ferromagnetism. In fact, the existence of saturated ferromagnetism has been proven rigorously only for very special limits. The first well-known example is the Nagaoka ferromagnetism that comes from the Hubbard model in the limit of infinite repulsion and one hole in a half-filled band [2] . Another example where saturated ferromagnetism has been shown to exist is the case of the one-dimensional Hubbard model with nearest and nextnearest-neighbour hopping at low electron densities [3] . Moreover, several examples of the fully polarized ground state have been found on special lattices (special conduction bands) as are the fcc-type lattices [4, 5] , the bipartite lattices with sublattices containing a different number of sites [6] , the lattices with unconstrained hopping of electrons [7] [8] [9] , the flat bands [10] [11] [12] [13] [14] and the nearly flat-band systems [15] [16] [17] [18] . This indicates that the lattice structure and the kinetic energy of electrons, i.e., the type of hopping play an important role in stabilizing the ferromagnetic state.
The microscopic description of band-ferromagnetism is one of the most fundamental and also most complicated manyparticle problems in condensed matter physics. It is expected that this is due to the interplay between ordinary, spin-independent Coulomb interaction and kinetic energy of itinerant electrons in the frame determined by the Pauli exclusion principle. The single-band Hubbard model [1] , possibly the simplest lattice model of correlated electrons, was first thought to encompass a minimal description of band-ferromagnetism. However, it soon turned out that the single-band Hubbard model is not the canonical model for ferromagnetism. In fact, the existence of saturated ferromagnetism has been proven rigorously only for very special limits. The first well-known example is the Nagaoka ferromagnetism that comes from the Hubbard model in the limit of infinite repulsion and one hole in a half-filled band [2] . Another example where saturated ferromagnetism has been shown to exist is the case of the one-dimensional Hubbard model with nearest and nextnearest-neighbour hopping at low electron densities [3] . Moreover, several examples of the fully polarized ground state have been found on special lattices (special conduction bands) as are the fcc-type lattices [4, 5] , the bipartite lattices with sublattices containing a different number of sites [6] , the lattices with unconstrained hopping of electrons [7] [8] [9] , the flat bands [10] [11] [12] [13] [14] and the nearly flat-band systems [15] [16] [17] [18] . This indicates that the lattice structure and the kinetic energy of electrons, i.e., the type of hopping play an important role in stabilizing the ferromagnetic state.
In our previous paper [19] we have shown that if the electron hopping is described by a more realistic model (than the nearest-neighbour hopping) then ferromagnetism comes from the Hubbard model naturally for a wide range of the model parameters. No extra interaction terms should be included. In particular, we have found that the long-range hopping with exponentially decaying hopping amplitudes given by [20] [21] [22] [23] 
gives rise to ferromagnetism in the one-dimensional Hubbard model for a wide range of electron interactions U and electron concentrations > 1. As soon as (that controls the effective range of the hopping (0 ≤ ≤ 1)) is different from zero, the ferromagnetic state is stabilized for all Coulomb interactions U greater than some critical interaction strength U ( ) that value is dramatically reduced with increasing . From this point of view one of main reasons why the ferromagnetic state is absent in the ordinary Hubbard model with nearest-neighbour hopping ( = 0), is that the description of the electron hopping is too simplified.
In the current paper we perform the same study for the physically most interesting two-dimensional case.
Since in the two-dimensional case only very small clusters (L ∼ 20) are accessible by the exact diagonalization method we support these calculations by the quantum Monte Carlo method that can treat several times larger clusters. From a numerical point of view there is only one difference between the one-and two-dimensional cases, namely, that the hopping amplitudes between the sites and in D = 2 are given by a more general formula:
The selection of hopping matrix elements in the form given by Eq. (2) has several advantages. It represents a much more realistic type of electron hopping on a lattice (in comparison to nearest-neighbour hopping), and it allows us to change continuously the type of hopping (band) from nearest-neighbour ( = 0), to infinite-range ( = 1) hopping and thus immediately study the effect of the longrange hopping. Another advantage follows from Fig. 1 where the density of states (DOS) corresponding to Eq. (2) is displayed for several values of . It can be seen that with increasing more weight shifts to the upper edge of the band and the DOS becomes strongly asymmetric. Thus one can study simultaneously (by changing only one parameter ) the influence of the increasing asymmetry in the DOS and the influence of the long-range hopping on the ground state properties of the Hubbard model. The Hamiltonian of the single-band Hubbard model is given by
where + σ and σ are the creation and annihilation operators for an electron of spin σ at site , σ is the corresponding number operator N σ = σ and U is the on-site Coulomb interaction constant.
The exact results on the ground states of the Hubbard model with the generalized type of hopping (Eq. (2)) exist only for the special case of = 1 when the electrons can hop to all sites with equal probability [7] [8] [9] . For this type of hopping and the electron filling just above half-filling
where L is the number of lattice sites) it was shown that the ground state is not degenerate with respect to the total spin S and it is maximally ferromagnetic with S = (L − 1)/2 (for all U > 0). For higher fillings (N > L + 1) the ferromagnetic ground state still exists but it is degenerate with respect to S [9] . The limit of infinite-range hopping is, however, the least realistic limit of Eq. (2). It is interesting, therefore, to look at the possibility of ferromagnetism in the Hubbard model with a generalized type of hopping for smaller values of that describe a much more realistic type of electron hopping. In this paper we extend calculations to arbitrary . In accordance with the one-dimensional case we focus our attention on the case of electron concentrations above half-filling > 1, the only region were the ferromagnetic state has been stabilized in D = 1 for non-zero . First, we have examined the model Hamiltonian by the exact diagonalization method on the finite 4 × 4 cluster for several selected values of on-site Coulomb interaction U (U = 1 2 4 8) and electron concentrations > 1 ( = 3/2 and = 7/4). The results of our numerical calculations are displayed in Fig. 2 and Fig. 3 . There is plotted the difference ∆E = E − E between the exact ground state E and the ferromagnetic state E as a function of 1/ . The ground state is ferromagnetic in the regions where ∆E = 0. It can be seen that for higher electron concentrations ( = 7/4) the ground states of the two-dimensional Hubbard model with generalized hopping are non-ferromagnetic for all examined values of the on-site interaction U, what strongly contrasts with the one-dimensional case, where the ferromagnetic state has been stabilized for all electron concentrations above the half-filled band case > 1. However, for smaller values of electron concentrations ( = 3/2), the situation is fully different. In this case the ferromagnetic state is the ground state of the model for all examined values of U above some critical value of the long-range hopping parameter . As shown in the inset in Fig. 3 , 1/ scales linearly with U, from which it can be directly determined that 1/ = 1 13 + 0 558U. Analysing these results one can see that already for relatively small values of the Coulomb interaction U, the critical values of the long-range hopping parameter are from the physically realistic regime (e.g., Since our numerical results revealed the strikingly different behaviour of the model in one and two dimensions for electron concentrations above half filling, and namely, the existence of the critical electron concentration below (above) which the ground state is ferromagnetic (nonferromagnetic), we have decided to study in detail the comprehensive phase diagram of the model in theplane. Again we have used the small cluster exact diagonalization technique and the cluster of L = 4 × 4 sites. The results of our numerical calculations obtained for the intermediate value of the Coulomb interaction U = 2 are summarized in Fig. 4 . They show that just = 7/4 is the critical electron concentration above which the ground state is non-ferromagnetic. Below this value the ground state is ferromagnetic. The critical value of the inverse long-range hopping parameter 1/ increases with de-creasing and reaches its maximum (1/ ∼ 2 4) at = 3/2. The further decrease in gradually reduces the critical value of 1/ to one. Similar behaviour of the model has been observed for both smaller (U = 1) as well as larger (U = 4) values of the Coulomb interaction. Thus we can conclude that the ferromagnetic phase in the two dimensional Hubbard model, in spite of its partial reduction (in comparison to the one dimensional case), remains robust. Unfortunately, these results cannot be considered as definite, since they have been obtained on a very small cluster and therefore it is necessary to confirm them independently by other methods. To fulfill this goal we have performed the same calculations for one representative value of U (U = 2) and two representative values of ( = 3/2 5/4) by the projector quantum Monte Carlo (QMC) method [24] [25] [26] that is capable to treat several times larger clusters with high accuracy. The QMC simulations were performed using a projector algorithm which applies exp(−θH) to a trial wave-function (in our case the solution for U = 0). A projector parameter θ ∼ 30 and a time slice of ∆θ = 0 05 suffice to reach well converged values of the observables discussed here. This is illustrated in Fig. 5 where the quantum Monte Carlo results are compared directly to the exact-diagonalization results obtained on the 4 × 4 cluster (U = 2, = 3/2 and 5/4) and a nice accordance of results is found over the whole range of values (we have used the open boundary conditions for which the minus sign problem is significantly reduced). In the next step we have performed the same calculations on larger clusters consisting of L = 6 × 6 and L = 8 × 8 sites (over the whole interval 0 1 of values with the step ∆ =0.02) and clusters of L = 10 × 10 and L = 12 × 12 sites (over a restricted set of values near ). The results of numerical calculations are displayed in Fig. 6 . These results clearly show that the finite size effects on the critical values of the long-range hopping parameter are negligible (see insets in Fig. 6 ), and thus, the magnetic phase diagram found for the 4 × 4 cluster can be satisfactorily extrapolated on macroscopic systems. Finally, let us briefly discuss numerical results obtained for electron concentrations less than the half-filled band case ( = 1). They are displayed in Fig. 7 for U = 2 and the complete set of even electron fillings with N < L on the 4 × 4 cluster. These results clearly demonstrate the absence of the ferromagnetic ground state in the twodimensional Hubbard model with exponentially decaying hopping amplitudes for all values the hopping parameter and electron concentrations < 1, showing on a key role of the band filling in the mechanism of stabilization of the ferromagnetic state. In summary, the combination of small-cluster exactdiagonalization and quantum Monte Carlo calculations has been used to examine ferromagnetism in the twodimensional Hubbard model with long-range hopping. It was found that the long-range hopping with exponentially decaying hopping amplitudes ( ) ∼ − |R i −R j | stabilizes the ferromagnetic state for a wide range of electron interactions U and electron concentrations > 1. The critical value of the hopping parameter , above which the ferromagnetic state becomes stable, has been calculated numerically and the ground-state phase diagram of the model has been discussed for physically the most interesting cases.
